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1. (a) (3 points) (WebWork) Let W be the subspace spanned by the vectors

2 1
up = |—1 and us = |5
3 1
Given
4
v=|-13| € W,
7

find the coordinates of v with respect to the ordered basis {uy, us}.

First, we observe that
(up,us) =2—-5+3=0,

so the vectors u; and us are orthogonal. Therefore, if
U = C1U1 + CoU,

then the coordinates of v are given by

Computing the inner products for ¢1, we get,

(v,ur) =8+ 13 421 =42,  (ug,up) =22+ (=1) +3% = 14.

Hence

I

C1 = 14 = O.
Similarly,

(V,ug) =4 —65+7=—54, (ug,ug) =12 +5% +1% = 27.

Thus

s,

2 =7 =2

Therefore,

v = 3uy — 2us.

So the coordinates of v with respect to the ordered basis {ui,us} are

e = | %] |
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(b) (3 points) (WebWork) Let Py be the vector space of all polynomials of degree at most 2. For f,g € Py, define
the inner product by

(£:9) = F(=Dg(=1) + f(0)g(0) + f(1)g(1).

Let
u(z) = 2% — 1 and v(x) = 222 + 3.

With respect to the given inner product, answer the following: Is the set {u, v} orthogonal? Is it orthonormal?
We first compute the values of u and v at the points —1,0, 1.

For
u(z) = 2% — 1,
we have
u(—1) =0, u(0) = —1, u(l) =0
For
v(r) = 2% + 3,
we have

Now compute the inner product:

(u,v) = u(—1)v(=1) + u(0)v(0) + u(1)v(1)
=0(—1) + (=1)(0) + 0(5) = 0.

Therefore, u and v are orthogonal with respect to the given inner product, so the set {u,v} is an orthogonal set.
To check whether the set is orthonormal, we compute the norms. First,

(u,u) = u?(—1) +u*(0) +u?(1) = 0* + (=1)* + 0% = 1.

Hence,
l[ull = v/ (u,u) = 1.
Next,
(v,0) = V(1) +v2(0) +v2(1) = (~1)* + 0* + 5 = 26.
Hence,

Joll = V/o,0) = V36 # 1.

Although u and v are orthogonal, v does not have norm 1. Therefore, the set is not orthonormal.

‘ {u,v} is orthogonal but not orthonormal.
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2. Answer the following questions. Explain each answer in two or three sentences.

(a)

(2 points) Let T : R® — R3 be a linear transformation that collapses all of space onto a plane through the origin.
Explain why the matrix representation A of T' must be singular.

Since T collapses R3 onto a plane, the image of T is at most two-dimensional. Hence the columns of A are linearly
dependent, so A is singular.

(2 points) Let T : R?® — R3 be defined by

X X
T{lyl]=lv
z 1

This map sends every vector to the horizontal plane z = 1. Is T linear?
No. The map T is not linear because homogeneity does not hold.

(2 points) The “cyclic” transformation T' on R3 is defined by

T T3
T To = [T1
T3 T9

Let A be the matrix representation for T. Without computing the determinant, explain in words why det(A) # 0.

The transformation T sends the standard basis vectors to the same basis vectors in a different order:
T(e1) = ez, T(e2) = ez, T(es3) = e1.

Thus, the columns of A are still linearly independent. Therefore, A is invertible, and hence det(A) # 0.

(2 points) Let {u1,us} be an orthonormal basis of R? and 7 : R? — R? be a rotation. Is it true that {Tu;, Tus}
is also an orthonormal basis of R??

Yes. A rotation preserves lengths and angles. Since {uj,us} is an orthonormal set, {Tui,Tus} is also an
orthonormal set, therefore a basis of R2.
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3. (5 points) Let V be the vector space spanned by the set of functions {1,1 + cosx,1 + sinz} on the interval (0, 27).

Define the inner product on V' by
27

(f,9) = f(z)g(x) d.

0

Apply the Gram—Schmidt process to the ordered set
{1,1+cosz,1 +sinz}

and obtain an orthogonal basis for V.

Let
ur(x) =1, uz(x) =1+ cosx, ug(x) =1+sinz.

We apply the Gram—Schmidt process to the ordered set {u1,us,us} to obtain an orthogonal set {w1, w2, ws}. First,

we set
wp = U1 = 1.
Next,
(ug,wr)
Wy = U2 — 77— Wy
<w13w1>

We compute

27 27
(ug, wr) :/ (1 +cosz)(l)dx =2m, (wi,w;) :/ ldx = 2m.
0 0

Therefore,
wy = (1 +coszx) — 21(1) = cosw
T
As the third and the last step,
S C- 1Y) (ug, wa)
° ° <w13w1> <w27w2> :

We compute

2m
(us, w1) :/0 (1 +sinz)(1) dz = 2.

Also,
2m 27 2
(usz, ws) :/ (1 + sinx) cos x dx :/ cosxdm—i—/ sinzcosxdr =0
0 0 0

and

27

(we, wa) = / cos® zdx = 7.

0
Hence,

2 0

wsg = (1 +sinx) — —W(l) — —cosz =sinz.
2 T

Therefore, an orthogonal basis for V is
{1,cosx,sinx} |
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4. (5 points) Find the Fourier series expansion of f(x) = |z| on the interval (—m, ).

The Fourier series of f(z) = |z| on (—m, ) is of the form

o0
ao + Z (an cosnz + by, sinnz)

n=1

where

1 (7 1 [ 1 [
ap = — |z| dz, an = 7/ || cos nx d, by, = f/ || sin na dz.
2 s 7r

—1T —T —T

Since f(x) = |x| is even and sinnz is odd, the product |z|sinnz is odd. Hence,

1 ™
bn:,/ || sinnz dx = 0
v

—T

1 [" 1 T
ap = — |z| de = — -2 vdr = T,
27T —r 27T 0 2

Now, the product |z|cosnz is even so we can write

1 [7 2 ("
ap, = — |z| cosna de = — x cosnzx dx.
s ™ Jo

for all n > 1. Also,

—T

T . T T
T sin nx 1 .
x cosnr dr = - — sin nx dx.
0 n o NJo

Since sin(nm) = 0 for all n > 1, we get

Using integration by parts,

g 1 5 7T -1)" -1
/xcosnxda::—f {_c%nw} :( )2
0 n n lo n
Thus,
2 (-1 -
L2011
T n?

Therefore, the Fourier series expansion is




