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1. (a) (7 points) (WebWork) The standard basis S = {e1, e} and two custom bases B = {b1,b2} and C = {¢1, ¢} for
R? are shown in the figures below.

Standard basis § = {e;, ez} Standard basis S = {e;, ez}
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Custom basis B = {by, ba} Custom basis C = {cg, ¢z}

(i) Find the transition matrix from B—coordinates to C—coordinates.
Let v € R? have coordinates with respect to the basis B and C

respectively. Then
VvV = ('Xbl + ﬂbg =vcy + 6C2. (*)

-2
b1=[ 1, by =
-3

Thus, it follows from (x) that

From the figure,
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Hence, the transition matrix from B—coordinates to C—coordinates is
Tpse =V 'U

Step 1: We first compute V! using Gauss-Jordan elimination:

-2 =111 0 leRl 1 % 7% 0 Rzﬁﬁ;SRl 1 % 7% 0
3 -2]0 1 3 =200 1 0 -3 3 1
Ros-2Ry | 1 2| -2 0 |RoR-irR| 1 0|-2 1
*}l0132 - o 1|-3 _—2 |’
7 7 7 7
Therefore,
_2 1
V_1: 7 7
_3 _2
7 7
Step 2: Now compute
2 1
-7 7 -2 -1
Tge=Vv=| " T l ]
_3 _2 -3 1
7 7
Carrying out the matrix multiplication,
2 1 2 1
oo 3 E2)+EF)E) REN+E O g
= =
12 1
(=) 2+ (=3)(=3) (3) D+ (3O [F o7

Hence, the transition matrix from B-coordinates to C-coordinates is

Tse =

\I‘; ~=
L [

—~
—
=

Naig

5

Find the B-coordinates of the vector [6}
S

We want to find scalars o and 3 such that

abi 4+ by = ey + Ges.

=L

Reducing this augmented matrix to reduced row echelon form, we obtain

-2 -1
-3 1

This leads to the system

5 R24)2&>73R1 -2 -1 5 joRQ -2 -1
6 0 5 | =3

0 1

Ry Rut R -2 0
0 1

?‘|R1*L§R1[1 O

_3
5

_ 11 p_ 3
Thus, a = =%, 8 = —% and
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2
(iii) Find the S-coordinates of the vector [ 31
We want to find scalars a and g such that
ae| + ey =2c; — 3ca.

This leads to the system

2 —1|[2] [-4+3
3 —2||-3] |6+6

Hence,

Therefore,

(b) (3 points) (WebWork) Let

1 3 5
a1: 2 ’ 32_ 1 bl b: 5
-1 4 0

Is b in the span of a; and a? Provide details.
We want to determine whether there exist scalars ¢; and ¢y such that

cia] + cpas = b. (*)

This gives
1 3 5
ci| 2| +e |1 =15,
-1 4 0
so the augmented matrix is
1 3|5
2 1|5
-1 4|0
Now row reduce:
1 35| gosry2r, | 1 3|5 1 3 5
2 1|5 | PTEEE g 5|5 | TR 5 5
-1 4]0 0 715 0 0 |-10
The last row yields a contradiction:
[0 0]c], c=-10+#0.

Therefore, the system is inconsistent, i.e., there are no scalars ¢y, ¢ satisfying (x). Hence

‘b ¢ span{a, as}. ‘
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2. Answer the following questions in one or two sentences.

(a)

(3 points) Let A be a 4 x 7 matrix with rank(A) = 4 and let b € R*. Explain why the system Az = b must be
consistent. Explain why the system must have infinitely many solutions.

Since rank(A) = 4, the matrix A has a pivot in every row. Therefore, for every b € R, the augmented system
Az = b cannot produce a contradictory row, so the system is always consistent.

Also, A has 7 columns and rank 4, so there are 7 — 4 = 3 free variables. Hence the system has infinitely many
solutions.

(2 points) Suppose that a square matrix A has a nonzero vector in its null space. Can you conclude that A is
row-equivalent to the identity matrix?

No. If A has a nonzero vector in its null space, then the homogeneous system Ax = 0 has a nontrivial solution.
This means that the columns of A are linearly dependent, so A cannot have a pivot in every column.

Therefore, A cannot be row-equivalent to the identity matrix.

(2 points) Explain why the transition matrix from one basis to another must be nonsingular.

A transition matrix is formed from the coordinate vectors of basis elements. Since basis vectors are linearly
independent, these coordinate vectors are linearly independent. Therefore, the columns of the transition matrix
are linearly independent, and hence the matrix is nonsingular.

(2 points) Let E be a product of a sequence of elementary matrices. Is it true that the system Fxz = 0 has a
unique solution?

Yes. Every elementary matrix is nonsingular, and the product of nonsingular matrices is again nonsingular.
Therefore, F is nonsingular.

Hence the homogeneous system Fx = 0 has the unique solution = = 0.

(3 points) Let {v1,v9,v3} be a basis for a vector space V', and let vy € V. If vy is added to this set, is the new
set still be a basis for V7 Is it still be a spanning set for V7

The new set will still be a spanning set for V, because {v1,v9,v3} already spans V, and adding one more vector
cannot destroy that property.

However, the new set will not be a basis for V', because v4 € V can already be written as a linear combination
of v1,v9,v3. Thus the enlarged set is linearly dependent.

(2 points) Does transposing a matrix change its rank?

No. The rank of a matrix is the dimension of its row space, and the rows of AT are exactly the columns of A.
Since the dimensions of the row space and column space of a matrix are equal, A and A7 have the same rank.
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3. (4 points) Express the following matrix as a product of elementary matrices:

3 2 =3
A=1]1 0 0
-1 0 1

To express A as a product of elementary matrices, we first row reduce A to the identity matrix:

3 2 -3 10 0 10 o0 10 0
A=|1 0 o™= g o 3| M g 9 _g| P 9 3
10 1 10 1 10 1 00 1
N E ) 00
R23R2 0 1 _% Rg(—EERg, 1 O _ I
00 1 0 1
Thus,
EsEsEsEsFyA = 1,
and hence

A=FE'E; BB ES

The corresponding inverse elementary matrices are

010 1 00 1 00
Ef'=11 0 o], E;'=13 1 o, E;x'=10 1 of,
00 1 0 0 1 -1 0 1
100 1 0 0
Ef'=10 2 of, Egt=10 1 -3
00 1 00 1
Therefore,
01 o[t 0oo0f|1 0o 0|1 0oO0][1L O 0
A=11 0 0{ 3 1 0|0 1 0|0 2 00 1 -3
0 0 1[0 0 1] |-1 0 1|0 0 1]]0 0O 1




Math 265 Midterm I - Solution Key 07.04.2026

4. (8 points) Consider the following system of linear equations:

1+ x2 + 13 = 2,
2x1 + 39 + 23 = 3,
xr1 + 2.’E2 = 1,
3151 + 5€E2 +x3 = 4.
Use Gauss—Jordan elimination to reduce the augmented matrix of the system to reduced row echelon form. Then

determine whether the system is consistent or inconsistent. If it is consistent, determine whether it has a unique
solution or infinitely many solutions. If it has infinitely many solutions, determine the dimension of the solution set.

We write the augmented matrix of the system as

11 12
2 3 1(3
1 2 0|1
3 5 1|4
Now we perform Gauss—Jordan elimination:
1 1 12 | Re+Re—2Ry | 1 1 1 2
R3<R3—R;
2 3 1|3 | RyeRrs—3r, | 0 1 —1]-1
—
1 2 011 01 —-1|-1
3 5 1|4 0 2 —-2|-2
1 1 1 2 10 2| 3
R3<—R37R2
Ry+Rs—2R, | 0 1 —1|—-11 Repr-r [0 1T —1|-1
=
00 010 00 01O
00 010 00 010

Thus, the reduced row-echelon form is

o o o =
o O = O
o
o

Since there is no row of the form
[0 0 ofe] withezo,
the system is consistent.
From the reduced row-echelon form, the pivot variables are x; and x5, while x3 is a free variable. Therefore, the
system has infinitely many solutions.
Let
Trs3 = t, teR.
Then the first two rows give
1 +2r3=3 — x1=3—2t,

To —x3 = —1 == xo=t—1.
Hence the solution set is
T 3—2t
| =|t—1]:teR
I3 t

Since there is one free variable, the dimension of the solution set is 1. Therefore,

the system is consistent, it has infinitely many solutions, and the solution set has dimension 1.




