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1. (WebWork)
(a) (4 points) Consider the following Gaussian elimination:
1 0 8 1 00 0 0 1 1 0 0 -9 5
A— |0 1 0]A— |0 1 O0|E1A— |0 1 O|EE1A— |0 —4 0| E3sEE1A=]0 -5
0 0 1 0 0 6 1 00 0 0 1 0
By Es Es Eq
What is the determinant of A?
Let
-9 5 7
U=(0 -5 6
0 0 -6

be the row-reduced matrix obtained from A by the given elementary row operations. Then

U = E,E3F2FL A.

Taking determinants of both sides, we get

det(U) = det(Ey) det(E3) det(Ey) det(E4 ) det(A).

Since U is upper triangular,

det(U) = (—9)(—5)(—6) = —270.

Moreover, since Fy, Fy, E3, and F, are elementary matrices, their determinants are,

det(E7) =1,

Therefore,

det(E>) = 6, det(Es3) = —1,

—270 = (—4)(~1)(6)(1) det(A).

Hence

det(E4) = —4.
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(b) (4 points) Let W be the subspace spanned by the vectors

2 1
u; = | —1 and us = |5
3 1
Given
4
v= |-13| € W,
7

find the coordinates of v with respect to the ordered basis c.

First, we observe that
ul-uQ:2—5+3=0,

so the vectors u; and ug are orthogonal. Therefore, {uy,us} is an orthogonal basis of W and if
UV = C1U] + CaUs2,

then the coordinates of v with respect to the ordered basis {uj,us} are given by
V- Uy V- U2

cl = —, Cy = .
Uq - Up U2 - U

Computing the inner products for ¢1, we get,
voup =8+ 13421 =42, wy-up =22+ (—1)? +3% = 14.

Hence
=11

Similarly, we compute the inner products for c; to get

(&1 3.

Vg =4—654+T7=—54, wug-uy=1%2+5>+1%=27.
Thus

—54

_ %
2= o7

Therefore,
v = 3uy — 2us.

So the coordinate vector of v with respect to the ordered basis {u1,uz} is

['U]{ul,@} = [f21 :

(c) (4 points) Suppose T : R? — R? is the linear transformation defined in the figure below. The figure shows where
T maps eight vectors vq,...,vg from the domain.

T(y2) T3 hrCZ

Tevl) | g . T(V5)

1=

B, Twn oY

=B =7 =6 =5 =4 -3 =2 -1 123 495678 =8 =7 =B =5 =4 -3 =2 -1 12345678

‘domain codomain

Find the eigenvalues of the matrix associated with the transformation 7', and find the corresponding eigenspaces.



Math 265 Final Exam - Solution Key 23.06.2026

From the figure, we observe that the horizontal vectors are mapped to horizontal vectors. More precisely,

o

—6 3 [4] 3
T(v1) = [01 =75 0 ——5111.

is mapped to

Hence A = —2 is an eigenvalue. Since the eigenvectors lie on the 2-axis, the corresponding eigenspace is

2
Q -1_
E_% = span ol

Similarly, the vertical vectors are mapped to vertical vectors. For example,

N
V: =
T4

is mapped to

== = —v3.
5 U3

) Z

T(os) = lo] 1[o] 1

Therefore, A = % is another eigenvalue and the corresponding eigenspace is

E. =s 0
1 = span e

(4 points) The distance d of a point P to the line through points A and B is the length of the component of AP
that is orthogonal to AB, as indicated in the figure below.

P

Find the distance from P = (—5,—4,5) to the line through the points A = (0,—2,4) and B = (—4,3,—2).
Hint: Use the scalar projection.

The distance can be computed by using the scalar projection onto the vector 1@ and then applying the

Pythagorean theorem:
2
f:HZﬁP—(mmm@Z?).(ﬂ

‘We have
—4 -5
E =15], and ﬁ =1|-2].
—6 1

The scalar projection of ﬁ onto zﬁ is

AD-AB 4
compmﬁ: Hﬁ” :\/ﬁ'

Moreover,
IAP||? = (—5)2 + (~2)% + 12 = 30.

16 [2204
d=1/30% — o2 =/ .
\/ 77 7

It follows from the relation (*) that
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(e) (4 points) Find a 2 x 2 matrix A for which

S e

where E) denotes the eigenspace associated with the eigenvalue .
The given eigenspaces provide eigenvectors corresponding to the eigenvalues —5 and 3. Namely, let

ol -l

Then vy is an eigenvector corresponding to the eigenvalue —5, and vy is an eigenvector corresponding to the
eigenvalue 3. Moreover,

2 5
det(1 3)26—5:17&0. (%)

Therefore, these two eigenvectors are linearly independent. Thus, we can use the diagonalization argument and
write

A=PDP !,

| | 2 5 A0 -5 0
P = ’Ul 1)2 = s D = = .
L 1 3 0 A 0 3

Moreover, thanks to (x), P is nonsingular and given by

1 3 -5 3 -5
pl=——_ = .
det P (1 2 ) (1 2 )
2 5\ (-5 0 3 =5
A=PDP ! = )
1 3 0 3/\-1 2

Performing the multiplication, we find
—45 80
A= .
—24 43

where

Therefore,
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2. Answer the following questions in two or three sentences. Explain your reasoning clearly.

(a)

(b)

(3 points) Let {u1,us} be an orthonormal basis of R? and T : R? — R? be a rotation. Is it true that {Tuq, Tus}
is also an orthonormal basis of R??

Yes. A rotation preserves lengths and angles. Since {uj,us} is an orthonormal set, {Tuj, Tus} is also an
orthonormal set, therefore a basis of R2.

(3 points) Suppose that during the Gram-Schmidt process, one of the obtained vectors becomes the zero vector.
What does this tell us about the original set of vectors?

Let wui,u9,...,u, be the original vectors, and let vy, vs,...,v, be the vectors obtained by the Gram-Schmidt
process. Suppose that, for some k, we obtain

VE = 0.
In the Gram-Schmidt process, vy is obtained by subtracting from wuy its projections onto the previous orthogonal
vectors:

Uk = up — Proj,, (ug) — proj,, (ux) — -+ — proj,, _, (uk).
If v =0, then
up, = projy, (ux) + proj,, (ur) + - -+ + proj,, _, (ux).
That is, uy is a linear combination of vq,...,v;_1. However,
span{vy, ..., v—1} = span{uy, ..., ug_1}.
Thus, uy is also a linear combination of the previous vectors uq, ..., ug_1.

Therefore, if vy = 0, then the original set of vectors is linearly dependent.

(3 points) Suppose that a 2 x 2 matrix A has only one eigenvalue A with algebraic multiplicity 2. Does this imply
that A is diagonalizable?

No. If a 2 x 2 matrix has only one eigenvalue A with algebraic multiplicity 2, then the dimension of the corre-
sponding eigenspace may be either 1 or 2. Therefore, the statement is not true in general.

(3 points) Is it true that if 0 is an eigenvalue of a square matrix A, then A is singular? What about the converse?
That is, if A is singular, is it true that 0 is an eigenvalue?

Yes. If 0 is an eigenvalue of A, then there exists a nonzero vector v such that Av = Ov = 0. Thus, Av =0 has a
nontrivial solution, which implies A is singular. The converse is also true and can be shown by following similar
arguments.
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3. Let V denote the vector space spanned by the functions
{1, cos z, cos 2x, cos 3x },

and let
S = {1, cosz, cos 2z, cos 3z}

be its ordered basis. We represent
f(z) = ap + a1 cosx + as cos 2z + ag cos 3z € V

by the coordinate vector

ay
e R
az

For example, if

then

Using the vector representations of functions described above, answer the following questions.

(a) (4 points) Write the vector representation of each basis element in S.

The ordered basis is
S ={1,cosz,cos2x,cos3z}.

Using the given coordinate convention, we have

1]s = , [cosz]s = , [cos2zx]s = , [cos 3x]s =

o O O =
o O = O
o = O O
= o O O

(b) (4 points) Consider the second derivative operator

2

E:V%V, foN.

Let D be the matrix representation of this operator with respect to the vector representations described above.
Find D.

Let
f(z) = ag + a1 cosx + ag cos 2x + ag cos 3.

Then, vector representation of f in S is

The second-order derivative is

[ (x) = —ay cosx — 4ay cos 2x — Yag cos 3.
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()

With respect to the ordered basis {1, cos z, cos 2z, cos 3z} of V), this is represented by

0
—ay
s =
(1] ta,
*9&3
Thus, we want to find a matrix D such that
Qg 0
D ai I !
a9 —4a2
as —9@3

To construct D, we look at the images of the basis vectors we find in part (a).

1 0 0 0 0 0 0 0
0 0 1 -1 0 0 0 0
De; =D = , Dey=D = , Des=D = , Dey=D =
0 0 0 1 —4 0 0
0 0 0 0 0 1 -9
Therefore, the columns of D are Deq, Des, Des, Dey. Hence
T R I
D= |De; Dey Des D vl
= e e e es| =
N B
0 0 -9

(2 points) Find ker(D) and discuss whether the operator D is injective.
Recall that D represents the second derivative operator on V. Therefore,

feke(D) < f’'=0.

Among the functions in
V = span{1, cos z, cos 2z, cos 3z},

the only functions whose second derivative is zero are the constant functions. Hence, in coordinate form,

ker(D) = span

o o o =

Since ker(D) # {0}, the operator D is not injective.

(2 points) Find the dimension of the range of D and discuss whether the operator D is surjective.
Hint: Use your answer in part (c¢) and the rank-nullity theorem.
From part (c), we find

ker(D) = span

o o o =

Hence
dim(ker(D)) = 1.
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Since dim(V) = 4, by the rank-nullity theorem,
dim(V) = dim(ker(D)) + dim(Range(D)).

Therefore,
4 =1+ dim(Range(D)) = dim(Range(D)) = 3.

Thus, the operator D is not surjective.

(4 points) What are the eigenvalues of D? Which basis elements are eigenvectors of D?
Since D is diagonal, its eigenvalues are the diagonal entries. Hence the eigenvalues of D are

M=0, do=—1, Mg=-4, N\=-0.

The vector representations of the basis elements are

1 0 0 0
0 1 0 0
lls = , coszT|s = , cos2x|s = , cos 3z|s =
Ms=1, [osals = | | [ ls =1, [ ls =1,
0 0 0 1
Moreover, from part (b)
D[l]s = 0[1]s = M [1]s,
Dicosz]s = —[cosz]s = Az[cos x]s,
Dlcos 2x]s = —4[cos 2z]|s = As[cos 2z]s,
and
Dilcos 3x]s = —9[cos 3x]s = A\gcos 3z]s.

Therefore, all basis elements in S, through their vector representations, are eigenvectors of D.



