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1. Answer the following questions. Write an explanation (with at most 3 sentences), if required.

(a)

(b)

(4 points) What is the maximum number of zeros that a 3x 3 matrix can have without having a zero determinant?
Explain.

Placing seven zeros in into a 3 x 3 matrix yields a guaranteed zero row or column.

(4 points) If multiplication by A rotates a vector x in zy—plane through an angle 6, what is the effect of
multiplying x by A”? Explain.

Using cosf = cos(—0) and sinf = —sin(—0)

cosf) —sinf

cos 6 sinel _ [COS(—@) —sin(—@)]

sinf  cosf —sinf cosf sin(—0)  cos(—0)

Hence, AT rotates a vector in zy—plane through an angle # clockwise.

(4 points) Let E be an m x m elementary matrix and A be an m x n matrix. Then, is it true that null space of
FE A is the same as the null space of A? Explain.

Elementary row operations do not change solution set of a liner system. That is, the linear systems Ax = 0 and
EAx = 0 assume the same solution set. Therefore, Null(A) = Null(EA).

(4 points) Is it true that adding one additional column to a matrix increases its rank? Explain.

Depends whether the additional column lies in the column space or not. If it lies in the column space, then rank
of the matrix remains same, otherwise rank of the matrix increases.
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(e) (4 points) Let f be a periodic function. Is it true that its derivative f’ is also periodic? Explain why or why not.

Let f be a p—periodic function, that is, f(x) = f(z + p) for all z € R. Then, f/'(z) = f'(z + p).

(f) (5 points) Let f be an even function. Suppose that its first order derivative exists. Is it true that f and its
derivative f’ are orthogonal with respect to the usual inner product defined on a symmetric interval? Show your
work.

r=L

L it u2 .
)= [ @@ ™0 [ =

_I 2 |a::7L =

f2() = f*(~2) = 0.

Hence, f L f'.

(g) (5 points) Find the linear transformation 7' that maps the region on the left to the region on the right. Show

your work.
y T Ty
4] P _\J 4.
2
AlB
C D X X
-4 -2 0 2 4 2 |
-2 o -2
-4 -4

To find the region on the right, we can do the following operations in that order

-1 0
e reflection with respect to the y—axis: l 0 1] ,

cos (%
e counterclockwise rotation by § = % radians: | = *
sin(Z)  cos (

V2 0
e scaling by v/2 times: .
S [0 V2

Hence,

T
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2. Consider the following 2—periodic function

f@) = flz+2)

-1, —-1<x<0,
1, 0<z <y

(a) (20 points) Find the Fourier series expansion of f.

(b) (5 points) What is the value of the Fourier series expansion evaluated at the point « = 07
(a) fis an odd function. Therefore, the constant term and the coefficients of cosine components of the Fourier series

expansion is 0:
ap=0, a,=0,necZt.

Coefficients of the sine components are evaluated as
1 L
I /_L f(z)sin (—mLm) dx
1
/ f(z) sin(nra)dx
-1

_9 /O b0 sin(nma)de

bn

1
= 2/ sin(nma)dx
0

IR R

nm

Observe that for even indexed terms, b,, = 0. Therefore, changing the index as n = 2k — 1, k € ZT, we can write
the coefficients by, in the index k as
21— (=1)*Y) 4

k-1 (2k— 17

by =

Hence, the Fourier series expansion of f is given by

i by, sin(nrx) = Z by sin((2k — 1)7x) % i
n=1

k=1 k=1

sm ((2k — V)mx).

(b) f is discontinuous at = = 0. Therefore, at « = 0, the Fourier series converges to

lim, - f(2) +lim, o+ f(z) _ —1+1

= =0.
2 2
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3. (25 points) Consider the space C([—m,n]) with the usual inner product defined by
(f.9)= | [fl@)g(x)de, forall f,g € C([—m,m]).

Use the Gram-Schmidt process to create an orthogonal basis for the subspace of C([—7,7]) spanned by the set of
functions {sin x,sin® z, sin® x}
Let ¢1, ¢2 and ¢3 be the orthogonal functions that the Gram-Schmidt process defines. Then,

¢1(x) = sinx.

Next, we get

o sl inxdx L,
=sin“z — = sin“ z.

T . .
J©, sinxsinzde

Finally, we write ¢3 as

(sin® z ,o1(x)) (sin® z ,02(x))

@1 @) Y @) (@)

T
5 I sin® z sin zdz fw
sinz — sin’ x

=sin"x — —
f_ sin x sin xdx /- 51n xsin® zdx

T
_ ST _sin® zdz
=sin’r — —————sinz.

™ .
J7sin® zda
—T

¢3(x) = sin®z — pa(x)

Using half-angle formula, integrals in the above result can be evaluated as follows:

T ™ 1 — cos(2z) r sin(22)\ |77
2 — — —_ — =
[ﬂsm xdm—[w 5 dx <2 1 o T
and
™ T N 2
/ sin® :L'dx:/ <1C(;S(2.’E)> dz
Iy 1 s ™ 2 2
:/ fdx—/ cos(2$)dm—|—/ Mdm
-7 4 - -7 4
oo ™ 1+ cos(4x)
_T. (% sin(4z)\ [77 3
2 8 32 A
Hence,

3
p3(z) = sin® x — 1 sin .
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fon (252

forms an orthogonal set with respect to the usual inner product

4. (15 points) Show that

:/0 F@)g(@)de, Vf,geC(o,1]).

For all m,n € ZT, with m # n, we need to show

/0 1 [ (<2" ; ”%) <<2m . ”%ﬂ dr=0.

1
Using the trigonometric identity cos(max) cos(nz) = 3 [cos((m — n)x) + cos((m + n)z)] and then direct integration

/01 {cos ((%;1)%) cos <(2m2—1)”1ﬂ do = ;/01 cos((n — m)rz)d 1/01 (n+m — 1)ma)dz
r=1

1sin((n +m — 1)mz) =t
2 (n+m-—1)m

yields

_ Lsin((n — m)mx)|”

2 (n—m)w

x=0 =0

In addition, for n = m, we obtain

/OlcOb ((Qn—l )

1
1 ((2n—1
/ + cos((2n )Wx)dx
0

B (m N sin((2n — 1)7rx)) e=t
2 27 (2n — 1) P

_

2

Hence,
(2n—1)w 2m— 1) 0, m#0,
cos | ————x|,cos | —————x ) )=11

2 2 57 m =n
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5. (25 points) Find the solution of the heat conduction problem

— 4y, =0, 0<z<1,t>0,
ug(0,1) = u(l,£) =0, t>0,
u(z,0) =1—uz, 0<z<l

Assuming a solution of the form wu(z,t) = X (2)7T(t) yields two ODEs: A boundary-value problem in X

X" —\X =0,
X'(0) = X(1) = 0,

and a first-order ODE in T'
—4ANT = 0.

Case A > 0 yields a trivial solution X = 0. So, let us consider the case A < 0. Then, general solution to the

X —problem is
X(z) = Acos (\/j/\x) + Bsin (\/j)\x)

with derivative

X'(x) = —AvV—=Xsin (\/ —)\x) + BV —\cos (\/—)\gc) :
Employing the first boundary condition, we get
X'(0)=0= B=0.

Therefore, solution is of the form X () = Acos (v/=Az). Now, the second boundary condition yields

X(l):Acos(x/—i/\):Oi\/_i:m%)W:/\n:_M

where n is a positive integer.

Next, we solve the T'—problem as
2_2
T(t) _ Cne4>\nt _ Cnef(anl) T t,

where ¢, varies with respect to different values of \,, which also varies with respect to n € Z*. Hence, a single solution
is of the form

2n —1
X ()T () = e cos (”2%) om0t
Now, employing the principle of superposition, we obtain the general solution as
(2n —1
Z X Z Cp, COS ( i ) x) e~ (@n=1)*nt

To find ¢,’s, first note that for ¢ = 0, we have

n=1

Next, note that from the previous question, we know that the functions cos <@x>, n € Z* form an orthogonal

(o () (B {8 72

Therefore, we take inner product of both sides by cos (Mm) to get

(1o (B0 (5o (P15 (20 ))

system, that is,

which is
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Let us evaluate the integral on the left hand side. We set

u=1—2 = du=—dz,

dv = cos (Qm;””x) dv = wv= (2m2_ TR <(2m — U%) .

Then, we apply integrtion by parts to get

/01(1 — ) cos ((27712—1)77

Hence,

Cp =

(2m — 1)%x2

and solution to the initial-boundary value problem is

8 1 (20— D7\ o122
u(:rs,t)zﬁz:@m_l)2 cos( 5 x)e (2n—1)"n%¢
n=1




